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Methodology for Calculating Aerodynamic Sensitivity
Derivatives

Arthur C. Taylor III,* Gene W. Hou,t and Vamshi Mohan Korivi$
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A general procedure is developed for calculating aerodynamic sensitivity coefficients using the full equations
of inviscid fluid flow, where the focus of the work is the treatment of geometric shape design variables. Using
an upwind cell-centered finite volume approximation to represent the Euler equations, sensitivity derivatives are
determined by direct differentiation of the resulting set of coupled nonlinear algebraic equations that model the
fluid flow. The technique is implemented and successfully tested in two dimensions for flow through a subsonic
nozzle (Moo = 0.85) and also a supersonic inlet (Moo = 2.0). Specifically, the method is demonstrated by
calculating the sensitivity of the aerodynamic loads (forces) on the interior walls of the nozzle/inlet to variations
in the geometric parameters that define the shape. The sensitivity coefficients calculated using this approach
compare very well with those calculated using the method of "brute force" (i.e., using finite differences to
approximate the sensitivity derivatives) and are computationally less expensive to obtain.

Introduction

T HE theme of this study is the development of procedures
whereby fundamental principles of a discipline known as

sensitivity analysis are merged with modern computational
techniques for the governing equations of fluid mechanics.
Through very rapid advances in recent years in a field now
known as computational fluid dynamics (CFD), researchers
working on supercomputers are now routinely generating de-
tailed, accurate, numerical solutions to very complex flow
problems. Modern CFD software is now being applied to
practical flow problems by engineers who are using these
codes as design tools, and the present research is motivated by
the belief that the basic concepts of sensitivity analysis, if
properly applied, could greatly enhance the power, efficiency,
and effectiveness of these existing CFD codes in a design
environment.

A sensitivity analysis can be defined as the calculation of
slopes, known as sensitivity coefficients, where the derivatives
of the responses of a particular system of interest are taken
with respect to the design variables of interest. For the de-
signer, an accurate knowledge of the sensitivity derivatives of
the particular system under consideration can subsequently be
exploited in several useful ways, with one of the best and most
important examples being the use of the sensitivity derivatives
in design optimization. In the field of computational struc-
tural mechanics, the subject of sensitivity analysis is relatively
mature, and the references that are available are extensive. In
the field of CFD, researchers have been and continue to be
active, and Refs. 1-8 are relevant to the present study (al-
though this list is by no means exhaustive).

The focus of this work will be the development of methods
for efficiently and accurately calculating aerodynamic sensi-
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tivity coefficients, with emphasis on the treatment of varia-
tions of geometric shape. This emphasis is selected because, as
a design variable, geometric shape is often one of the most
important design variables and is also one of the most chal-
lenging variables to consider. Furthermore, calculations of the
sensitivity derivatives of aerodynamic loads will be demon-
strated in the test problems, because this also represents one of
the most important examples. However, the methods that are
to be presented are general in nature and are not restricted to
this example. Finally, all techniques are presently shown in
two dimensions using the Euler equations.

The Euler equations are represented in this study using a
well-known upwind cell-centered finite volume approxima-
tion. Fundamental sensitivity equations are then derived using
a method of direct differentiation (known in Refs. 2 and 4 as
the quasianalytical method) of the resulting set of coupled
nonlinear algebraic equations which model the Euler equa-
tions. A closely related well-known alternative method for
computing sensitivity derivatives, known as the adjoint vari-
able approach, is presented and discussed. Comparisons are
made of the calculated sensitivity derivatives obtained using
the methods discussed herein with sensitivity derivatives calcu-
lated using the method of brute force (i.e., the simplest
method of calculating sensitivity derivatives, using finite dif-
ference approximations).

The rest of this article is organized as follows: After this
introduction, the next section is a presentation of basic theory,
which is further divided into five subsections to include 1) a
review of the governing equations, 2) a review of the spatial
discretization and implicit formulation, 3) the fundamental
sensitivity equations, 4) terms involving grid sensitivities, and
5) special ancillary sensitivity equations. Following the presen-
tation of theory, computational results are given from the
application of the methods to two example problems, includ-
ing 1) a subsonic nozzle (M^ = 0.85) and 2) a supersonic inlet
(Mo, = 2.0). The final major section is a brief summary of the
work, where conclusions are given.

Presentation of Theory
Governing Equations

The governing equations employed here are the unsteady
two-dimensional Euler equations, given as
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where R(Q), the residual (clearly zero in the steady state), is
given as

R(Q) = - (2)

and Q is the usual four-element vector of conserved field
variables. A transformation from physical (x, y) coordinates
to generalized computational (£, rj) coordinates is included in
the residual, and /is the determinate of the Jacobian matrix of
this transformation. The vectors F(Q) and G(Q) are the invis-
cid flux vectors in the £ and 77 directions, respectively. The
ideal gas law with a constant ratio of specific heats is used with
these equations for closure.

Spatial Discretization and Implicit Formulation
Computationally, the Euler equations are solved here in

their alternative integral conservation law form using an up-
wind cell-centered finite formulation (only an overview of this
method is presented here, with additional details found in
Refs. 9-15), where the residual at each cell is written as a
balance of fluxes across cell interfaces. Upwind evaluation of
the fluxes is accomplished by upwind interpolation of the field
variables Q from the approximate cell centers to the cell inter-
faces, where the flux vector splitting procedure of van Leer16

is employed. This results in a higher-order accurate [i.e., in
this research, second-order accuracy is used in the stream wise
(£) direction, and third-order accuracy is used in the normal
(rj) direction] algebraic approximate representation of the
residual at each cell in the domain. When written for each cell
(including boundary condition relationships) and assembled
globally, this can be expressed as

iR(Q*)} = (0} (3)

where { Q * } is called the "root" (i.e., the steady-state value of
the field variables). Therefore, Eq. (3) represents a large cou-
pled system of nonlinear algebraic equations; thus, finding a
steady-state solution to the Euler equations has been replaced
(approximately) by the problem of finding the root, {Q*}, of
this set of algebraic equations.

The Euler equations are discretized in time using the Euler
implicit method, followed by a Taylor's series linearization of
the discrete equations in time about the known time level. This
results in a large system of linear algebraic equations at each
time step, written as

("AC)
n = 1, 2, 3, . . .

(4)

(5)

Equations (4) and (5) represent the fundamental implicit
formulation for integrating the Euler equations in time to
steady-state. In these equations, n is the time iteration index,
and { n AQ} is the incremental change in the field variables
between the known (nth) and the next (nth + 1) time levels.
The matrix [l/JAt] is diagonal and contains the time terms.
The large Jacobian matrix [dRn(Q)/dQ] is sparse and has a
banded structure, with nine diagonals, the individual elements
of which are 4 x 4 block coefficient matrices. In addition to its
use in Eq. (4), this important Jacobian matrix plays another
central role in this study, which will be shown later.

In principle, Eq. (4) can be repeatedly solved directly [using
Eq. (5) to update the field variables] as the solution is ad-
vanced to steady-state, and for very large time steps the direct
method represents Newton's root finding procedure for non-
linear equations. However, the direct method is not necessar-
ily the most efficient procedure with respect to overall CPU
time,17 and the large storage requirements of the method make

its use not feasible in three dimensions. Therefore, more com-
monly, an iterative algorithm is selected for use in the repeated
solution of Eq. (4). Some popular choices of these iterative
algorithms include approximate factorization18 (AF), con-
ventional relaxation algorithms,13'14 the strongly implicit pro-
cedure19 (SIP), and the preconditioned conjugate gradient
method.20

Fundamental Sensitivity Equations
Consider the vector /3, the elements of which are indepen-

dent variables that are typically called the design variables.
Some, none, or all of the variables may be related to the
geometric shape of the flow problem of interest, where, as
stated, the emphasis of the present study will be that of geo-
metric shape variation. Computationally, the geometric shape
of the domain is defined by the mesh on which calculations are
made, and the complete vector of (x, y) coordinates that
defines the mesh is represented symbolically here as { X ] . For
a steady-state solution the discrete residual vector given by Eq.
(3) is rewritten in the following form:

= (0} (6)

where in Eq. (6) the explicit dependence of the discrete resid-
ual on the computational mesh, [X], as well as its explicit
dependence (if any) on |S has now been emphasized. Direct
differentiation of Eq. (6) with respect to fo, the Arth element
of j3, yields

] id fa.

term 1

v-rx i \ v^v i^r\ + hs- CT)
term 2 term 3

Equation (7) is an exact derivative of the discrete algebraic
residual vector and is known in Refs. 2 and 4 as the quasiana-
lytical method. This equation represents the central and most
general relationship on which relationships that follow in this
section are based. The Jacobian matrix [dR/dQ] of term 1 of
Eq. (7) is identical to that found in the fundamental implicit
formulation for numerical time integration [Eq. (4)] of the
Euler equations and is thus well understood. The solution
vector [dQ*/d/3k} is the sensitivity of the complete vector of
field variables with respect to the kih design variable. The
coefficient matrix [dR /dX\ of term 2 is the Jacobian matrix
of the discrete steady-state residual vector, with derivatives
taken with respect to the complete vector of (x, y) grid coordi-
nates and is documented in detail in Ref. 7. The vector [dX/
d/3k} of term 2 contains what is referred to here as the grid
sensitivity terms, which are the sensitivities of each x and y
coordinate point of the entire computational mesh, with
derivatives taken with respect to fik. The grid sensitivity vector
will be given special consideration later in the present study.
The vector {dR /d@k ] found in term 3 accounts for derivatives
resulting from explicit dependencies (if any) of the residual
vector on $k. If fa is not a design parameter related to the
geometric shape, then term 2 of Eq. (7) will be zero, since in
this case the vector { d X / d p k } is null. If ftk is a geometric shape
design parameter, its entire effect on the residual [Eq. (6)] will
be felt through the grid, and term 3 of Eq. (7) will be zero.

It is strongly emphasized that all boundary condition rela-
tionships must be treated in a fully consistent manner and
included in Eq. (7). Proper boundary condition treatment
should be considered in the Jacobian matrices [dR/dQ] and
[dR/dX], as well as in the vector [ d R / d / 3 k \ . If accurate
results are to be obtained using the present methods, it is
critical that this is not neglected as it typically is, for example,
in the coefficient matrix of the fundamental implicit formula-
tion for integrating the Euler equations in time [i.e., Eq. (4)].

Note that Eq. (7) is a linear system of equations that in
principle can be solved directly for the vector [ d Q * / d p k } . Of
course, the solution of Eq. (7) must be repeated for each
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different element of /3 (i.e., for each design variable) for which
sensitivity derivatives are desired. However, multiple solutions
require only a single LU factorization of the coefficient ma-
trix, which can be repeatedly reused in the forward and back-
ward substitution operations, for an unlimited number of
different design variables. The reuse of the LU factorization
can represent a substantial savings in computational work,
particularly when the linear system of Eq. (7) and/or the
number of design variables of interest is large.

Typically the solution of Eq. (7) for the vector idQ*/dpk}
is not the final goal, but rather the sensitivity derivatives of
some specific system responses are sought instead (e.g., for an
airfoil, the sensitivities of the lift, drag, and moment coeffi-
cients might be required). Consider therefore the jth system
response of interest, C,, which in general can be functionally
de_pendent on the steady-state field variables, [Q*), the grid,
{ X ] , and can also depend explicitly on the design variables, /3;
i.e.,

AT®,
The total rate of change of theyth system response, C/, with
respect to the kth design variable (3k, is then given by

aeJ u&j + o*.
v_________; i.

term 1 term 2 term 3

where in Eq. (9), terms 2 and/or 3 could be zero, depending on
the particular system response (Cj) and design variable (ftk) of
concern. Solution of Eq. (7) therfore provides the vector
{dQ*/d/3k}, which is needed in Eq. (9). Furthermore, for
geometric shape sensitivity derivatives, the grid sensitivity vec-
tor (dX/dpk} of Eq. (7) is reused, if needed, in Eq. (9).
Specific ancillary sensitivity relationships of the type given by
Eq. (9) that are used in the present study for computing
sensitivity derivatives of aerodynamic force coefficients are
presented in a later section.

On the left-hand side of Eq. (9), the notation for a total
derivative has been used, indicating that the total rate of
change of C/ with respect to @k is included in the expression
and to distinguisy it from the partial derivative term (term 3)
on the right-hand side of the equation. However, it should be
understood that this derivative is still a partial derivative in the
sense that C, is in general a function of multiple independent
design variables. For consistency, this notation will continue
to be used throughout.

A closely related alternative procedure for computing sensi-
tivity derivatives, known as the adjoint variable approach, is
easily developed using the relationships presented thus far.
This approach is begun by combining Eqs. (7) and (9) to yield

ft
77T + h^T dO)

The adjoint variable vector {A/} is arbitrary at this point,
since the inner product of {Ay} is taken with the null vector,
from Eq. (7). Thus, there is no net change from Eq. (9) to Eq.
(10), since the entire additional term on the right-hand side of
Eq. (10) is zero, for any and all {A,}. Rearranging, Eq. (10)
becomes

The necessity of evaluating the vector [dQ*/dpk] using Eq.
(7) is eliminated for all @k by selecting the vector {A/} such
that the coefficient of (dQ*/dpk} in Eq. (11) is null. That is,
selection of {A7} that satisfies

implies

(12)

(13)

Therefore, following the solution of Eq. (13) for this particu-
lar choice of the adjoint variable vector {A/}, the sensitivity
derivatives of Cj with respect to all ($k are computed by

(8) 2i2= | £^

(14)

Solution of the linear system of Eq. (13) for {A/} is analogous
to the solution of Eq. (7) for { d Q * / d @ k } in that the coefficient
matrices are transposes of each other. A particular solution,
( A / ) , is valid only for a specific system response, C7; thus,
solution of Eq. (13) must be repeated for each different system
response of interest. If Eq. (13) is solved directly, however,
multiple solutions require only a single LU factorization of the
coefficient matrix, which is repeatedly used for an unlimited
number of right-hand side vectors, [dCj/dQ] (i.e., for an
unlimited number of different system responses of interest).

It is simple to verify from the preceding equations, and it
should be noted that each solution, { d Q * / d / 3 k } , of Eq. (7) for
a particular design variable can be used for an unlimited
number of different system responses. In contrast, however,
each solution {A,) of Eq. (13) for a particular system response
can be used for an unlimited number of different design
variables. Therefore, in terms of computational work, if the
number of system responses of interest is larger than the
number of design variables, then sensitivity derivatives should
be computed by solving Eq. (7). Otherwise, greater computa-
tional efficiency is obtained using the adjoint variable method.
Despite the difference that has been noted between these two
closely related procedures, it is emphasized that the two meth-
ods are equivalent in the sense that they will yield identical
values (except for the machine truncation error) for the sensi-
tivity derivatives, if properly implemented computationally.
In the present study both methods have been successfully
implemented in the example problems and have been verified
to yield identical results (as expected).

The significance of the well-known difference in the compu-
tational efficiency of the two methods is greatly mitigated if a
direct method is used to solve the linear systems [i.e., either
Eq. (7) or Eq. (13)] through the previously mentioned highly
efficient strategy of reusing the LU factored coefficient matrix
for multiple right-hand side vectors. However, this distinction
becomes very important if an iterative strategy is used to solve
these linear systems, particularly if the difference between the
number of design variables and the number of system re-
sponses of interest is very large. This, of course, is because
with iterative methods, the computational work required for
solution of each linear system (following the first solution) is
approximately equal to the computational work required to
solve the first one. Extension of the present methodology to
full-scale problems in three dimensions on the supercomputers
presently available will require the use of iterative methods to
solve Eqs. (7) or (13) because of their size and the limitations
in computer storage.
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Grid Sensitivity Terms
In this section attention will be focused on the significance

and the treatment of the vector { d X / d p k } , which must be
evaluated on the right-hand side of the sensitivity equations,
when geometric shape design variables are considered. Of
central importance to note in the subsequent discussion is that
these grid sensitivity terms are distinctly separate from the
governing equations of fluid mechanics and are instead closely
linked to the chosen system of generating the computational
mesh on which the equations are solved. Therefore, these
terms can be treated separately. Note that henceforth only
geometric shape sensitivity derivatives are considered here;
thus, in the subsequent discussion, /3 is taken to be a vector of
only geometric shape design variables.

The geometric shape of the computational domain is de-
fined completely by the (x, y) coordinates on the boundaries
of the computational mesh. The vector of all (x, y) coordi-
nates^ on the boundaries (or portions of boundaries) of inter-
est, Xb, is a relatively small subset of the much larger global
vector, [X]. In principle, each x and y coordinate of Xb could
be taken to be a design variable. This would mean that 0 is
defined to be equal to Xb. With this approach, sensitivity
derivatives are_ taken with respect to each individual x and y
coordinate of Xb. An important concern with this, however, is
that the number of geometric shape design variables might
likely be unmanageably large when the sensitivity derivatives
are subsequently applied in a design setting. For this reason a
second method is adopted here, the motivation being to
significantly reduce the number of design variables. With this
approach /§ is not taken to be equal to Xb, but rather the
assumption is made that the geometric shape of the bound-
aries of the domain can be defined a priori by relationships
that involve a relatively small number of geometric shape
(design) parameters. In short, it is assumed that the (x, y)
coordinates of interest on the boundaries of the domain can be
represented parametrically; i.e.,

(15)

Regardless of whether the coordinates on the boundary are
taken to be the design variables, or whether these coordinates
are represented parametrically in terms of the design variables,
the methods described subsequently for computing the grid
sensitivity terms are applicable.

A very general and conceptually simple method for comput-
ing the grid sensitivity terms is to make use of the grid genera-
tion program in approximating these terms by brute force
finite differences. _With this approach the geometric shape
design parameters /3 are perturbed slightly, one at a time, and
the mesh generation program (which was used to generate the
initial mesh) is run repeatedly to generate perturbed grids.
Then each grid sensitivity vector is calculated as

[X((3k (16)

where, in the preceding equation, central finite difference
approximations are used for greater accuracy, but require the
generation of two perturbed meshes per design variable in-
stead of the one, which is required when using forward finite
differences. In using finite difference approximations to repre-
sent the elements of { d X / d / 3 k ) , it is suggested that the overall
analytical nature of the fundamental sensitivity equations
[e.g., Eq. (7)] is not severely diminished. Furthermore, it is
believed that very accurate finite difference approximations of
{dX/d/3k} can be obtained reliably and efficiently without
introducing some of the difficulties that might be associated
with using the brute force method on the fluids equations.
This is because typically the equations of mesh generation are
by design "smoother" than the equations of fluid flow and
are far more efficient to solve.

Solid Wall

Fig. 1 Illustration of the ith element on a boundary.

jj = [4>, x1(x2,H]T

Inflow
..C.enterJLne..

Outflow

2. 3. 4.

Fig. 2 Subsonic nozzle/supersonic inlet test geometry.

Fig. 3 Pressure contours, subsonic nozzle (Mw = 0.85) example
problem.

As an alternative to the finite difference approach for com-
puting the grid sensitivity terms, an exact analytical approach
could be considered. To accomplish this, it is first necessary to
determine analytical expressions to represent the "rules" that
are built into and are inherent in the specific mesh generation
scheme of choice by which the elements of [X] are generated.
Of course, these expressions are written explicitly in terms of
j3, so that all the terms of each vector [dX/d($k] can be
computed by direct differentiation of these expressions. The
exact analytical evaluation of the grid sensitivity terms is im-
plemented (as outlined in the preceding discussion) for the
specific mesh generation strategy and for the specific elements
of j8 that are associated with the example problems to be
presented, and as a consistency check, these results are also
successfully verified using the finite difference approach. The
expected result is achieved that, as the finite difference of the
independent variable (i.e., A/3k) is made progressively smaller,
there becomes no difference between the analytical and the
finite difference methods in the computed values of [dX/
d/3k}. (This consistency check is done for each term of /3.)

The analytical method outlined in the preceding discussion
for evaluating { 8 X / d j 3 k } , although actually implemented in
the present study (in order to demonstrate the method), has
some significant shortcomings. First, the method lacks gener-
ality. That is, analytical expressions that represent [X] as an
explicit function of /3 would have to be worked out for each
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different mesh generation program and, more importantly,
for each new flow problem having a different set of geometric
shape design variables (i.e., for each new 0). Furthermore, for
complex mesh generation programs, representing the rules by
which grid points are distributed throughout the domain as
analytical functions and differentiating them is likely to be
very complicated. It is postulated that some of these diffi-
culties that will probably be encountered in analytically com-
puting the grid sensitivity terms could be mitigated through a
strategy that employs a judicious use of the chain rule in
computing these terms. Although this proposed strategy is not
actually implemented in the present study, it is outlined and
discussed subsequently in the remainder^of this section.

Typically the computational mesh, [X], for a given prob-
lem is obtained as the principal output of a mesh generating
program, where the principal input to the program are the
coordinates of the boundaries of the domain, Xb. (Additional
input to the grid generating program might be the vector of
parameters 7, which exert some control over the placement of
points in the interior of the domain, e.g., grid stretching near
walls, but 7 is usually not functionally dependent on /3.)
Therefore, assuming a parametric representation of Xb in
terms of /3, the operation of a grid generation program might
be expressed as

(17)

where y ^ y(fi)- Direct differentiation of Eq. (17) using the
chain rule yields

'dX) = [ 3X1 (dXb (18)

The principal advantage of the approach represented by Eq.
(18) is increased generality. For each completely new flow
problem, the only terms that must be worked out for the
specific problem at hand (either by direct differentiation of

5.0 r

2.0 3.0
X DISTANCE

Fig. 4 Pressure coefficient sensitivity derivatives, lower wall, sub-
sonic nozzle problem.

Fig. 6
lem.

Pressure contours, supersonic inlet (Moo = 2.0) example prob-

Fig. 5 Pressure coefficient sensitivity derivatives, centerline, sub-
sonic nozzle problem.

analytical expressions that are unique to the given problem or
by the method of finite differences) is the vector (dXb/dpk},
a relatively small subset of { d X / d / 3 k ) _ .

The global Jacobian matrix [8X/dXb] is strictly associated
with the functional relationships that are used to distribute the
(x, y) coordinates throughout the entire computational mesh
and are built into the specific mesh generation program of
choice. This matrix [3X/dXb], which is associated with a
particular set of grid generation rules, is analogous to and
similarjn nature to the global Jacobian matrices [dR/dQ] and
[dR/dX] (discussed previously), where these two matrices are
associated with the specific numerical approximation of
choice used to model the governing fluids equations (i.e., the
Euler equations). For this reason, if an analytical approach is
chosen for evaluating the terms of [8X/dXb], it would only be
necessary to work out these derivatives analytically one time
for the given mesh generation program of choice, and the
results could be included as a "sensitivity module" within the
grid generation program itself. Alternatively, the terms of this
matrix could be approximated by finite differences and evalu-
ated within the mesh generation program.

Ancillary Sensitivity Relationships
The purpose of this section is to present some additional

terms and specific relationships of the type given by Eq. (9)
that are used to compute sensitivity derivatives with respect to
geometric shape in the example problems. Specifically, expres-
sions are given for aerodynamic force coefficients in two
dimensions and their sensitivity derivatives. In addition, terms
developed in this section are also useful in the construction
of the right-hand sides of Eqs. (13) and (14), of the adjoint
variable approach.

Figure 1 illustrates the /th element (oriented at an arbitrary
angle in space), which is located on the boundary of the
geometric shape of interest, over/through which the fluid is
passing. In the figure the coordinates (xbi> yb.) and (xb. + l,
ybi + l) are the physical (x, y) coordinates at either end of this
/th element and are assumed to be nondimensionalized by Lref,
a reference length. The convention is established that, as one
moves along the surface in the direction of increasing the
index /, then the solid surface is on the right, and the fluid is
on the left. Also noted in the figure are the pressure and shear
stress, Pb. and rb., respectively, which are associated with this
/th element on the boundary (where the shear stress is, of
course, zero in the present study, since only inviscid flow is
considered here).

A nondimensional pressure coefficient Cp., which is associ-
ated with this /th element on the boundary is defined as
follows:

(19)

where Vip^U^ is the dynamic pressure of the freestream. Note
that the conventional definition of pressure coefficient as a
pressure difference with the freestream pressure has not been
adopted. Using the (x, y) coordinate system established in
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Fig. 1, nondimensional force coefficients in the x and y direc-
tions, Cx. and Cy.9 respectively, for the ith surface element, are
given as

y. = Cp.(xb. -
(20)

The total force coefficients in the x and y directions are given
by summing Eqs. (20) over the total number of elements of
interest, NE. The result is

NE

cx = £ cx,
/ = 1

(21)
NE V '

(-'y ~ LJ ^y\
/ = 1

Sensitivity derivatives of these force coefficients taken with
respect to pk are given as

-
*(**

Note in expressions (22) that terms such as dxb./dpk and dyb./
d/3k are evaluated as being elements of the global grid sensitiv-
ity vector (dX/dpk} and that the terms dCp./dpk (i.e., the
pressure sensitivity derivatives) are obtained from the global
vector {dQ*/d/3k} following the solution of Eq. (7). This is
accomplished using the chain rule, noting that pressure is a
function of the conserved variables Q through the ideal gas
law. Finally, note that for airfoil calculations the sensitivity
derivatives of the lift CL and drag CD coefficients could be
calculated using simple combinations of these expressions
[i.e., Eqs. (22)], since CL and CD are simple functions of Cx,
Cy, and angle of attack.

2.5
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1-5
"
^ 1-0

'°'5

-0.0
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0.0 1.0 2.0 3.0

X DISTANCE
4.0

Fig. 7 Pressure coefficient sensitivity derivatives, lower wall, super-
sonic inlet problem.
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Computational Results
Description of the Example Problems

There are two example problems that are investigated in this
study: 1) a subsonic nozzle (M^ = 0.85) and 2) a supersonic
inlet (Mo, = 2.0). The geometry of the two problems is identi-
cal and is illustrated in Fig. 2. The only difference between
these two example problems is found in the inflow/outflow
boundary conditions, to be discussed later.

There are four geometric shape (design) parameters to be
considered in each of the two example problems. These four
parameters^ illustrated in Fig. 2, are therefore the elements of
the vector /J, given as

i, x2, H}T (23)

Fig. 8 Pressure coefficient sensitivity derivatives, centerline, super-
sonic inlet problem.

where </> is the angle of the inclined ramp, x\ is the x coordinate
of the start of the inclined ramp, x2 is the x coordinate of the
end of the ramp, and H (a reference length) is one-half of the
height of the entrance to the nozzle/inlet.

In both the M^ = 0.85 subsonic nozzle and the M^ = 2.0
supersonic inlet, sensitivity derivatives are taken about a base-
line steady-state solution, where the geometric parameters that
define the shape of the nozzle/inlet are taken to be </> = 5.0
deg, xi = 2.0, x2 = 3.0, and H = 1.0. The length of the nozzle/
inlet (an additional geometric shape parameter that is not
considered with respect to sensitivity derivatives in the present
study) is taken to be 4.0.

The centerline of the nozzle/inlet is a plane of symmetry;
thus, it is only necessary to compute either the lower or upper
half of the flowfield (the lower half was chosen in the present
work). A computational grid with 41 grid lines in the stream-
wise direction, and 31 grid lines in the normal direction is
chosen. This 41 x 31 point mesh is generated under the follow-
ing set of rules for the distribution of grid points throughout
the domain:

1) At a fixed x location, the 31 horizontal grid lines are
equally spaced.

2) Between x = 0 and x = x\, the vertical grid lines are
evenly spaced, with a total of 20 vertical columns of cells
between these two x stations.

3) Between x = x\ and x\ = x2, the vertical grid lines are
evenly spaced, with a total of 10 vertical columns of cells
between these two x stations.

4) Between x = x2 and the last vertical grid line at x = 4.0,
the vertical grid lines are evenly spaced, with a total of 10
vertical columns of cells between these two x stations.

These preceding four rules of grid generation are expressed
as functional relationships explicitly in terms of /}, and deriva-
tives are taken of these resulting expressions with respect to
each element of 0, so that all elements of the grid sensitivity
vector { d X / d t 3 k } can be evaluated analytically (for each of the
four design variables). The details of these expressions and
their derivatives are omitted here because they lack generality
(i.e., they are very specific to the particular example geometry
and mesh generation rules of the present study). As noted
earlier, the computed values of all the elements of the vector
(dX/dpk]9 using this analytical approach, are verified by the
more general procedure of using finite difference approxima-
tions to represent these grid sensitivity terms, where, as ex-
pected, the agreement in the results obtained using these two
methods is essentially perfect.

Subsonic Nozzle Example Results
A steady-state conventional numerical solution to the Euler

equations is obtained for the M^ = 0.85 subsonic nozzle for
the previously described baseline geometry, where the L2
norm of the residual is reduced to machine zero (approx-
imately a 12-order-of-magnitude reduction) using the AF time
integration algorithm.18 The pressure contours for this steady-
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state baseline solution are shown in Fig. 3. Boundary condi-
tions are specified in this example problem as follows:

1) On the lower wall boundary, flow tangency is enforced.
2) On the upper boundary of the computational domain

(i.e., on the centerline of the nozzle), flow symmetry is en-
forced. (Note that, in reality, the boundary conditions that are
enforced on the centerline are identical to those of the lower
wall).

3) On the inflow boundary, both entropy and stagnation
enthalpy are held constant to be that of the freestream, and
the v component of velocity is fixed at zero. The static pres-
sure is extrapolated.

4) On the outflow boundary, density as well as both com-
ponents of velocity are extrapolated. The static pressure is
held constant and is specified to be that of the freestream (i.e.,
P/Poo is specified to be 1.0).

Equation (7) is solved directly four times (using a single LU
factorization of the coefficient matrix followed by four for-
ward and backward substitutions), where for each solution a
different grid sensitivity vector { d X / d / 3 k } is used on the right-
hand side of the linear system (one for each of the four design
variables). These direct solutions of Eq. (7) are obtained using
a conventional vectorized banded matrix solver that takes
advantage of the fact (in terms of computational work and
computer storage) that, outside of the main bandwidth, all of
the elements are zero.17 Each of the four resulting solution
vectors, (dQ*/d<l>}, [dQ^/dx^, [dQ*/dx2},and {dQ*/dH},
represents the sensitivities of the complete vector of field
variables, with derivatives taken with respect to each of the
four respective geometric shape parameters. From each of
these four global solution vectors, a specific subset of infor-
mation of interest is extracted: the subset of the sensitivity
derivatives of Cp (i.e., dCp/d<t>, dCp/dxi9 8Cp/dx2, and 8CP/
dH) along the lower wall and also the centerline of the nozzle.
As mentioned previously, pressure sensitivities are computed
from the sensitivity derivatives of the conserved field variables
using the ideal gas law and the chain rule.

In addition to the computation of pressure coefficient sensi-
tivities by the solution of Eq. (7), for validation and compari-
son purposes, this information is computed by the use of finite
difference approximations. Specifically, central difference
representations of these pressure sensitivities are obtained by
computing two conventional steady-state numerical solutions
to the Euler equations (where in each case the L2 norm of the
residual is again reduced to machine zero), where these two
steady-state solutions are centered across the baseline steady-
state solution, and in all cases the incremental change in the
independent variable (i.e., A0, Ax\, Ax2, and A//) is taken to
be ± 0.00001. The baseline solution is used as the initial guess
during startup in generating these perturbed solutions.

Figure 4 is an illustration of the pressure coefficient sensitiv-
ity derivatives obtained from the four direct solutions of Eq.
(7). In this figure the sensitivity derivatives of the pressure
coefficient with respect to each of the four design variables
along the lower wall of the nozzle are plotted vs x. Figure 5 is
similar to Fig. 4, except that pressure sensitivities along the
centerline of the nozzle are plotted vs x. Omitted for the sake
of keeping these figures uncluttered is the comparison with the
results of the computations obtained using the brute force
finite difference method, where, in all cases, the agreement in
the results obtained using the two methods is essentially per-
fect. In Ref. 8, where these same results are presented using
one figure for each variable, this comparison is shown in
detail.

Following these direct solutions of Eq. (7), Eqs. (22) are
used to compute sensitivity derivatives of the aerodynamic
force coefficients, Cx and Cy, with respect to the parameters
</>, Xi, x2, and H for the lower wall and then for the centerline
of the nozzle. (Of course, there is no net aerodynamic force in
either direction at the centerline of the nozzle; nevertheless,
these force coefficients are calculated as if the centerline were
a solid wall.) In addition, these sensitivity derivatives are
computed using the adjoint variable approach [i.e., using
equations of the type given by Eq. (14), after solving Eq. (13)

Table 1 Force coefficient sensitivities, lower surface, subsonic nozzle problem

Sensitivities
dCx, Cy

dCx, Cy

dxi
dCx, Cy

dx2
dCx,Cy

dH

d</>, xi, x
Direct

differentiation

2.4140

0.2072

0.2069

-0.0143

2, H
Finite

difference

2.4140

0.2072

0.2069

-0.0143

d<£, xi,
Direct

differentiation

7 7<J88

0.5232

0.6841

•X2, H

Finite
difference

7 7^88

0.5232

0.8943

0.6841

Table 2 Force coefficient sensitivities, centerline, subsonic nozzle problem

Sensitivities
dCx, Cy

d<£
dCX9 Cy

dxi
dCx, Cy

dx2
dCx, Cy

dH

dCx

d</>, xi, x2,
Direct

differentiation

0.0000

0.0000

0.0000

0.0000

H

Finite
difference

0.0000

0.0000

0.0000

0.0000

dCy

d0, Xi, X2,

Direct
differentiation

7.7582

0.5232

0.8942

-0.6843

H

Finite
difference

7.7582

0.5232

0.8942

-0.6843
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Table 3 Force coefficient sensitivities, lower surface, supersonic inlet problem

Sensitivities
dCx, Cy

dCx, Cy

dCx, Cy

dx2
dCx, Cy

dH

dCx

d0, JCi, X2

Direct
differentiation

0.5936

0.0411

,H

Finite
difference

0.5936

.V/tl 1

0.0411

dCy
d0, JCi, X2

Direct
differentiation

0.1127

-0.1124

0.000729

,H

Finite
difference

1 .*rZi>7 J

0.1127

0.1124

0.000729

Table 4 Force coefficient sensitivities, centerline, supersonic inlet problem

Sensitivities
dCx, Cy

d0
dQ, Cy

dxi
dQt, Cy

dX2
dCx, Cy

dH

dCx

d0, Xi, X2,

Direct
differentiation

0.0000

0.0000

0.0000

0.0000

H

Finite
difference

0.0000

0.0000

0.0000

0.0000

dCy

<ty, Xl, X2,

Direct
differentiation

2.5978

0.2766

0.0305

0.3932

H

Finite
difference

2.5978

0.2766

0.0305

-0.3932

directly]. As expected, perfect agreement (except for very
small machine truncation error) is seen in the results obtained
using these two methods; therefore, the identical results of
both of these methods are presented and referred to as the
single method of direct differentiation in Table 1 for the lower
wall and Table 2 for the centerline. Also presented in these
tables are the results that are obtained for these sensitivity
derivatives using the finite difference approach, where clearly
the agreement is excellent with the results of the method of
direct differentiation.

Supersonic Inlet Example Problem
A steady-state conventional numerical solution to the Euler

equations is obtained for the Mn = 2.0 supersonic inlet for the
previously described baseline geometry, where the L2 norm of
the residual is reduced to machine zero using the vertical line
Gauss-Seidel (VLGS) relaxation algorithm.13'15 The pressure
contours for this steady-state baseline solution are shown in
Fig. 6. Boundary conditions are specified in this example
problem as follows:

1) On the inflow boundary, all variables are held fixed,
and specified to be that of the freestream.

2) On the outflow boundary, all variables are extrapo-
lated.

3) Boundary conditions on the upper and lower surface of
the computational domain are the same as those for the sub-
sonic example problem.

In the special case (which is applicable in this example) of a
fully supersonic inviscid flow where a fully upwind flux bal-
ance is used in the streamwise direction, a direct solution of
Eq. (7) is accomplished very efficiently using a single sweep of
the VLGS algorithm in the positive streamwise direction. (A
full explanation of this is found in Ref. 15.) If the adjoint
variable approach is preferred, direct solution of Eq. (13) can
be obtained using a single reverse sweep of this algorithm.

The results illustrated in Figs. 7 and 8 for the present super-
sonic example are similar to the results that have been previ-
ously discussed in greater detail and illustrated in Figs. 4 and
5, respectively, for the subsonic example. In addition, Tables

3 and 4 for the supersonic example show similar results to those
shown in Tables 1 and 2, respectively, of the subsonic exam-
ple. In particular, note in Tables 3 and 4 that the agreement is
again excellent in the results when the method of direct differ-
entiation is compared with the finite difference approach.

Discussion
The sensitivity derivatives that are calculated and presented

previously are generally consistent with the nature of the flow
physics of the chosen example problems. However, there are
exceptions that should be noted. The most obvious example of
calculated sensitivity derivatives that are inconsistent with the
flow physics are dCx/dff and dCy/dH of the lower surface of
the supersonic example problem. (See the last entry of Table
3.) Although these computed aerodynamic sensitivity coeffi-
cients are relatively small, yet nonzero, they should, in fact, be
exactly zero to be perfectly consistent with the flow physics.
That is, changing the height of this inlet should not affect the
flowfield variables anywhere along the lower surface of the
inlet (for an exact solution to the Euler equations), because for
this example geometry the shock reflection off of the center-
line does not strike the lower surface. The aforementioned
inconsistency is attributed to the discretization error associ-
ated with the discrete numerical model which approximates
the Euler equations. This explanation is supported by a grid
refinement study in which when the number of cells is doubled
in both directions, the phenomenon is found to become much
smaller.

CPU Time
It is difficult to quantify precisely the relative computa-

tional efficiency of the present methodology compared to the
finite difference method of computing aerodynamic sensitivity
derivatives. This is because the CPU time that is used in
implementing the finite difference technique can vary greatly
depending on a number of factors, including

1) the use of central vs the use of forward (or backward)
difference approximations (the former being far more accu-
rate, at twice the computational cost of the latter);
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2) the strictness of the convergence criterion used to find
steady-state solutions to the Euler equations (for subsequent
use in computing the sensitivity derivatives by finite differ-
ences);

3) the efficiency of the algorithm used to find steady-state
solutions to the Euler equations;

4) the type of initial guess used to obtain the neighboring
steady-state solutions to the Euler equations; and

5) the particular flow problem under consideration.
Despite these difficulties in assessing the relative computa-

tional efficiency, it is noted that the sensitivity derivatives that
are calculated in the subsonic example problem using the
method of brute force finite differences are about 47 times
more costly to generate (in terms of total CPU time) than the
results that are generated by direct solution of Eq. (7). In the
supersonic example the finite difference approach is only
about nine times more costly, which is attributed to the fact
that the CFD solver is very much more efficient in this special
case of fully supersonic inviscid flow. These CPU time com-
parisons with the finite difference method do not change
significantly by use of the adjoint variable method in comput-
ing the sensitivity derivatives shown in Tables 1-4, since in
each of the two example problems the number of system
responses of interest (i.e., Cx and Cy on the lower wall and
centerline) is equal to the number of design variables consid-
ered. The computational work that is used in generating the
results using the finite difference approach should be taken as
the "worst case" situation, however, considering the strict
manner in which this method is applied in the present study,
and could probably be much less costly in a practical design
application.

Summary and Conclusions
A methodology of a general nature is developed for com-

puting aerodynamic sensitivity derivatives, where the proce-
dures include the full capability of computing these derivatives
with respect to geometric shape design variables on "body-ori-
ented" computational grids. The methods are successfully
demonstrated in two dimensions for the Euler equations using
an upwind cell-centered finite volume approach, where sensi-
tivity derivatives are computed by direct differentiation of the
nonlinear algebraic equations that model the Euler equations.

The procedures are applied in calculating the sensitivity
derivatives of the aerodynamic loads on the interior walls of a
subsonic nozzle (M^ = 0.85) and also a supersonic inlet (M&
= 2.0) with respect to the parameters that define the geometric
shape of these devices. The computed results obtained using
these techniques compare essentially perfectly in all cases with
the computed results obtained through use of the method of
brute force (finite differences). In addition, the present meth-
odology is observed to be significantly more computationally
efficient in the example problems than the method of finite
differences (although a precise comparison of the relative
computational efficiency is difficult to quantify).
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